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After Dirac introduced the monopole, topological objects have played increasingly important
roles in physics. In this review we discuss the role of the knot, the most sophisticated topological
object in physics, and related topological objects in various areas in physics. In particular, we
discuss how the knots appear in Maxwell’s theory, Skyrme theory, and multi-component condensed
matter physics.
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I. INTRODUCTION
The topological objects have been assuming increas-
ingly important roles in physics. The idea of topologically
stable matter has first been proposed by Lord Kelvin
more than a century ago, who suggested in 1868 that the
atoms could be knots or links of vorticity lines of aether
[1]. When the topological stability of the knot was not
well known in physics he understood that such knots and
links would be extremely stable, just as matter is. This
was a remarkable combination of geometric insight and
physical intuition. The Kelvin’s idea was well received at
that time, and praised (among others) by Maxwell.
Later in 1931, Dirac introduced one of the most
important topological objects in physics, the Dirac
monopole, which has the pi1(S
1) topology, the first ho-
motopy of S1 [2]. Based on this topology he proposed
that the electric and magnetic charges e and g must sat-
isfy the famous Dirac quantization rule eg = 2pin, which
explaines why the electric charge in nature has discrete
values. Doing this he demonstrated, for the first time in
human history, that topology can actually play a funda-
mental role in nature.
It was a remarkable coincidence that in the same year
Hopf has shown that S3 has the so-called Hopf fiberation
S2 × S1, and that topologically pi3(S2), the third ho-
moptpy of S2, can be classified by the Hopf index [3, 4].
Mathematically this defines the knot topology and the
knot number, which will play a crucial role in our discus-
sion.
The Dirac monopole has changed the physics com-
pletely, and put the topology firmly in physics forever.
∗Electronic address: ymcho0416@gmail.com
Since then the monopole has become an obsession, the-
oretically and experimentally. Theoretically the non-
Abelian monopoles based on pi2(S
2) topology, the sin-
gular Wu-Yang monopole in QCD [5, 6] and the regular-
ized ’tHooft-Polyakov monopole in spontaneously broken
gauge theory [7, 8] have been discovered. Experimentally
huge efforts to discover the monopole have been made
[9]. But so far the search for the monopole has been
unsuccessful, because the monopole which could exist in
nature is not one of these monopoles but the electroweak
monopole which is an hybrid between Dirac monopole
and ’tHooft-Polyakov monopole [10, 11].
In the mean time other interesting topological ob-
jects and their impacts in physics have become known.
The Aharonov-Bohm effect and Berry phase are the well
known examples of the impact of topology in physics
[12, 13]. But in 1961 Skyrme has pushed the topology
to a new stage in physics [14]. In his Skyrme theory he
tried to realize the Kelvin’s dream proposing the pro-
ton (in general nuclei) to be the skyrmion, a topological
soliton which has the pi3(S
3) topology. What is really
remarkable is that he was proposing that we could con-
struct fermions from bosons with the spin-isospin trans-
mutation.
This view has become very successful from the the-
oretical point of view [15, 16]. A systematic method
to construct multi-skyrmions with large baryon number
based on the rational map was developed, which has al-
lowed people to construct skyrmions with the baryon
number up to 108 [17–20]. With this these multi-
skyrmions have been identified with real nuclei.
In particular, the Skyrme theory could explain the
spectrum of rotational excitations of carbon-12 and the
Hoyle state successfully, which we need to generate heavy
nuclear elements in early universe [21, 22]. In spite of
these sucesses, the Skyrme’s proposal was too ideal to
describe the real world.
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2Although the Skyrme theory was originally proposed
as an effective theory for strong interaction, it has mul-
tiple faces which allow us to have totally different inter-
pretations. First, it has many topologically interesting
features and has all topological objects known in physics.
In addition to the well known skyrmion, it has the (he-
lical) baby skyrmion and the prototype knot known as
the Faddeev-Niemi knot [23, 24]. Most importantly, it
has the monopole which plays the fundamental role. In
fact the theory can be viewed as a theory of monopole
which has a built-in Meissner effect, so that all finite en-
ergy topological objects in the theory could be viewed
either as dressed monopoles or confined magnetic flux of
the monopole-antimonopole pair [24–26].
Of course, the fact that the skyrmion is closely re-
lated to the monopole has been noticed by many people.
In spite of the fact that the skyrmions has been classi-
fied by the baryon number, people have used the ratio-
nal map pi2(S
2) which describes the monopole number,
not pi3(S
3) which describes the baryon number, to con-
struct the multi-skyrmion solutions [17]. This strongly
implies that the skyrmions can actually be viewed as the
monopoles [24–26]. For this reason it has been proposed
that the skyrmions carry two topological numbers, the
baryon number and the monopole number [27].
Furthermore, we can show that the Skyrme theory in
fact has the multiple vacua which has the pi1(S
1) topol-
ogy of the vacuum of Sine-Gordon theory and the pi3(S
2)
topology of QCD vacuum combined together [27]. This
means that the vacuum of the Skyrme theory can also
be classified by two integers (p, q), p which represents
the pi1(S
1) topology of the Sine-Gordon vacuum and q
which represents the pi3(S
2) topology of QCD. These new
features demonstrates that the Skyrme theory has more
topological features than we thought to have.
But what makes the Skyrme theory very important
for the following discussion is that it can be reduced to
the Skyrme-Faddeev theory which describes the proto-
type knot [24, 26]. Moreover, we can derive the Skyrme-
Faddeev theory which describes the core dynamics of the
Skyrme theory directly from QCD.
Furthermore, we can argue that, with a simple modifi-
cation the Skyrme theory could describe multi-gap super-
conductor or multi-component Bose-Einstein condensate
which could contain the knot. This strongly indicates
that the Skyrme theory could also be interpreted to de-
scribe a very interesting low energy condensed matter
physics in a completely different environment. This puts
the Skyrme theory in a totally new perspective.
It has long been believed that we need a complicated
theory, in particular the non-Abelian structure or non-
linear structure, to obtain the knot. This popular wis-
dom turned out to be totally wrong. In physics the knot
was first discovered in Maxwell’s theory, a most unlikely
place. In a series of paper in 1989 Ranada has shown
that pure Maxwell’s theory without any electromagnetic
source admits a wide class of propagating solitonic knot
solutions he called “pseudo-photons,” generalizing Traut-
man’s work [28–31]. This was surprizing.
Introducing two (electric and magnetic) complex
scalars which is well defined at infinity, he constructed
a set of propagating electromanetic knot solitons char-
actrized by two Hopf indices, the electric and magnetic
helicity, which describe the Hopf map from the compacti-
fied space S3 to the target space S2. Moreover, he showed
that this set of knot solutions is dense in the sense that a
superposition of these topological solitions can describe,
at least locally, any electromagnetic wave.
As importantly, in these set he showed that there
is a natural mechanism for the quantization of electric
charge by which the electric flux through any closed sur-
face surrounding a singularity representing the electric
charge becomes an integer. If this is true, the electromag-
netic knots provides a new explanation of the topological
charge quantization which is seemingly independent of
the Dirac quantization rule. It would be very interesting
to show if there is any relation between the two topolog-
ical explanations of the charge quantization.
In his “daring conservatism”, Wheeler has conjec-
tured the existence of “geons”, in particular the elec-
tromagnetic and gravitational geons, to propose that the
elementary particles actually could be constructed from
electromagnetic and/or gravitational fields and thus may
not be so “elementary” [32]. But he could not show the
existence of such geons. Ranada’s electromagnetic knots
are the perfect examples of such geons. In particular,
these knots acquire descrete masses in the absence of any
mass scale in Maxwell’s theory, and thus demonstrate
that the mass can be created from nothing.
This is really remarkable and astonishing. In QCD the
mass can be created by the monopole condensation which
generates the confinement [33, 34]. This is the dimen-
sional transmutation in QCD. But here we have another
example of dimensional transmutation, the mass from
the energy, without any condensation or any new mech-
anism. This was what Wheeler visioned, and Ranada
showed that this is possible. And at the center of this
is the knot topology. It is the topology which makes it
possible.
Mathematically the knot is defined as the mapping of
a closed curve S1 to a three-dimensinal space. The im-
portance of this mapping is that this embedding can have
non-trivial linking. Clearly this linking number does not
change in any smooth deformation of the curve(s) and
thus becomes a topological invariant. And in physics we
often deal with curves; velocity curve, electric current,
and magnetic flux. When they form closed curves, they
may have non-vanishing linking number which does not
change (i.e., is conserved) in dynamical evolotion, be-
cause it is a topological invariant. This is how the knot
becomes important in physics.
3Obviously this topological conservation applies to
other topological objects as well, the magnetic monopoles
and the skyrmions. And these days we can hardly talk
about physics without mentioning these topological ob-
jects. Many of these topological objects are intimately re-
lated, but among them a most interesting object, mathe-
matically as well as physically, is the knot [3, 35]. And the
knot appears everywhere in physics; in Maxwell’s electro-
dynamics [28, 36], Skyrme theory [24–26], QCD [37], fluid
dynamics [38], atomic physics [39, 40], plasma physics
[41], polymer physics [42], condensed matter physics [43–
45], even in Einstein’s theory [46].
The purpose of this paper is to review the role of
the knots and related topological objects, in particular
the monopoles and skyrmions, in physics and to discuss
their importance. Although the knot appears in all area
of physics, we will discuss the knot in Skyrme theory
in detail because the Skyrme theory is a best place to
discuss the topological objects in physics.
The paper is organized as follows. In Section II we
discuss the Ranada’s construction of the electromagnetic
knot and its physical implication. In Section III we re-
view the Skyrme theory, and show that the core dynamics
of the theory is described by the Skyrme-Faddeev theory
which has the non-Abelian monopole and the prototype
knot. In Section IV we show that the Skyrme-Faddeev
theory can actually be derived from the SU(2) QCD, and
discuss a deep connection between the two theories. In
Section V we discuss two types of topology in skyrmions,
and show that skyrmions actually carry two different
topology, the pi2(S
2) topology of the monopole as well as
the well known pi3(S
3) topology of skyrmion. In Section
VI we discuss the vacuum structure of Skyrme theory,
and show that it has the multiple vacua made of the vac-
uum topology of Sine-Gordon theory and QCD combined
together. In Section VII we review the prototype knot in
Skyrme theory which can be viewed as the twisted mag-
netic vortex ring made of the monopole-antimonopole
pair. In Section VIII we show how similar knots could ap-
pear in condensed matter physics, in particular in multi-
gap superconductors and multi-component Bose-Einstein
condensate. Finally in the last section we discuss the
physical implications of the knots.
II. KNOTS IN MAXWELL’S THEORY
Maxwell’s theory has played fundamental role in
physics. In spite of the mathematical beauty and the
huge practical applications, however, the theory has been
thought to be too simple to admit topological objects. Of
course, Dirac showed us that it can be generalized to al-
low the U(1) monopole structure, but as far as topology is
concerned this was all. Fortunately this general wisdom
turned out to be completely wrong.
In fact the Maxwell’s theory, without Dirac’s general-
ization, has very interesting knots [28]. But this impor-
tant topological feature of Maxwell’s theory so far has not
been well known, because people believed that the the-
ory, being linear, has no structure for topological object.
So we discuss the knots in Maxwell’s theory first.
To understand how this could be possible, notice that
the electric and magnetic field lines could form closed
loops and thus be linked, and this linking could provide
the topological structure. Let two closed field lines be
~c1(s) and ~c2(s). They are linked if they have a non-
vanishing Gauss integral,
L(~c1,~c2) =
1
4pi
∫ ( ~c1 − ~c2
|~c1 − ~c2|3 ×
~c1
ds1
)
· ~c2
ds2
ds1ds2, (1)
where the self-linking number L(~c,~c) describes the knot-
tedness. In the case of the electric and magnetic fields
the average of the the linking integral over all field line
pairs together with the self-linking number over all field
lines give rise to the electric and magnetic helicities given
by the Chern-Simon integrals,
he =
∫
ijkCi(∂jCj − ∂kCj) d3x,
hm =
∫
ijkAi(∂jAj − ∂kAj) d3x. (2)
Here Ci and Ai are the vector potentials of the electric
and magnetic field, which exist in free Maxwell’s theory.
And in Maxwell’s theory these integer helicities deter-
mine the pi3(S
2) topology of the electromagnetic knots.
To explain this in more detail we first construct the
electromagnetic knot. Let ζ and η be two complex scalar
fields representing the map from the space-time R3 × T
to the complex plane R2. Compactifying R3 and R2 to
S3 and S2 with the streographic projection, we can view
that the two complex fields define the map from S3 to
S2 which can be classified by the knot topology pi3(S
2).
Next, we define two anti-symmetric electromagnetic
tensor fields Fµν and Hµν by
Fµν =
√
α
2pii
× ∂µζ
∗∂νζ − ∂νζ∗∂µζ
(1 + ζ∗ζ)2
,
Hµν =
√
α
2pii
× ∂µη
∗∂νη − ∂νη∗∂µη
(1 + η∗η)2
, (3)
where we have put an action constant α to make the
tensor fields to have the dimension of the electromagnetic
fields. We further require Fµν and Hµν to be dual to each
other,
Fµν =
1
2
µναβH
αβ , Hµν = −1
2
µναβF
αβ . (4)
Now we can prove that, if ζ and η satisfy the equation
∂µF
µν∂νζ = 0, ∂µF
µν∂νζ
∗ = 0,
∂µH
µν∂νη = 0, ∂µH
µν∂νη
∗ = 0, (5)
4Fµν and Hµν become the solutions of Maxwell’s equation,
and thus describe the electromagnetic fields [28].
Notice that (5) tells that, if the Cauchy data
(ζ, ζ˙, η, η˙) at t = 0 satisfies the duality condition (4),
it does so for all t. Moreover, (3) assures that Fµν and
Hµν satisfy the first half of Maxwell’s equation
µναβ∂
νFαβ = 0, µναβ∂
νHαβ = 0, (6)
independent of ζ and η. Besides, this together with the
duality condition (4) assures that they satisfy the second
half of Maxwell’s equation
∂µF
µν = 0, ∂µH
µν = 0. (7)
So Fµν and Hµν become solutions of Maxwell’s theory.
The important point here is that these solutions are en-
coded by the electric and magnetic helicities of the pi3(S
2)
topology given by ζ and η.
A few comments are in order. First, (3) tells that ~E(ζ)
and ~B(ζ) are mutually orthogonal. Moreover, ~B(ζ) and
~B(η) are tangent to the curve ζ = const and η = const.
So the two fields ~E and ~B are orthogonal to each other
( ~E · ~B = 0), and the solutions represent the radiational
wave. Second, although we have introduced two complex
scalar fields ζ and η, it must be clear that only one is
indepent. This is because Fµν and Hµν are dual to each
other.
To find the solutions, we have to solve (5). This is
a non-trivial task. So, in stead of solving the equations,
Ranada constructed what he called an admissible set of
solutions classified by two Hoph numbers, the electric
and magnetic helicities, by judiciously choosing ζ which
describes the Hopf map.
Consider the map proposed by Hopf [3]
φH =
2(x+ iy)
2z + i(r2 − 1) , (r
2 = x2 + y2 + z2). (8)
Notice that any two level curves of this mapping, for
example the curve φH = 0 and the curve φH = ∞, are
linked once. So the mapping defines the pi3(S
2) map with
Hopf index one. Now, let us define ζ and η by
ζ = φH(κy, κz, κx), η = φ
∗
H(κz, κx, κy), (9)
where κ is a dimensional parameter with dimension of
mass (inverse length). Then we can easily check the
electromagnetic field given by (3) satisfies the Maxwell’s
equation which has he = hm = 1. This solution is called
the electromagnetic knot [28].
The energy, momentum, and angular momentum of
this solution can be computed from the energy den-
sity, momentum density, and angular momentum density,
( ~E2 + ~B2)/2, ~E × ~B, and ~x × ( ~E × ~B). They are given
by
E = 2κ, ~p = (0, 0, κ), ~J = (0, 0, 1). (10)
The solution describes a wavepacket given by the poten-
tial (with A0 = 0)
~A =
κ2
(2pi)3/2
∫
1
ω
[
~R2(~k) cos(~k · ~r − ωt)
+~R1(~k) sin(~k · ~r − ωt)
]
d3k,
~R1 =
exp(−ω/κ)
(2pi)1/2κ
(
− k1k3
ω
,
k22 + k
2
3
ω
+ k2,
−k1k2
ω
− k1
)
,
~R2 =
exp(−ω/κ)
(2pi)1/2κ
(
− k
2
1 + k
2
2
ω
− k2,
k1k3
ω
,
k2k3
ω
+ k3
)
, (11)
traveling along the z-axis with velocity p/E = 1/2 which
has the electromagnetic field given by
~E =
κ2
(2pi)3/2
∫ [
~R1(~k) cos(~k · ~r − ωt)
−~R2(~k) sin(~k · ~r − ωt)
]
d3k,
~B =
κ2
(2pi)3/2
∫ [
~R2(~k) cos(~k · ~r − ωt)
+~R1(~k) sin(~k · ~r − ωt)
]
d3k. (12)
Notice that this wavepacket has the mass m2 = E2−~p2 =
3κ2. Clearly this is the electromagnetic geon visioned by
Wheeler. The fact that we have such topologically stable
finite energy solitonic solutions in Maxwell’s theory is
really remarkable.
Ranada showed that one can construct a whole set
of knot solutions with arbitrary integer helicities [28].
Moreover, he showed that this set is dense, in the sense
that we can construct any radiational wave superposing
them, at least locally.
What is more remarkable is that in this formalism
the electric charge has to be quantized. Introducing a
point singularity which represents the electric charge in
these solutions he showed that the total charge, i.e., the
integral of the outgoing electric flux over the closed sur-
face surrounding the singularity, must be quantized and
have discrete values. This is basically because these point
singularities aquires the pi2(S
2) topology which necessi-
tates the electric charge quantization [28]. Notice that
here the pi2(S
2) topology describes the electric, not mag-
netic, charge. Doing so, he has found another reason
why the electric charge in nature is quantized. This is
really remarkable because here we do not have to assume
the existence of the monopole to have the electric charge
quantization.
Certainly the electromagnetic knots are very interest-
ing from the theoretical point of view. As importantly,
they have huge potential applications in many area, from
5colloidal and atomic particle trapping to the plasma con-
finement [29]. But we have to keep in mind that, unlike
other known topological objects in physics, the electro-
magnetic knot has a non-trivial time dependence.
III. SKYRME THEORY: A REVIEW
The Skyrme theory has played an important role in
physics. Originally it was proposed as a theory of pion
physics in strong interaction where the skyrmion, a topo-
logical soliton made of pions, appears as the baryon [14].
Soon after, the theory has been interpreted as a low en-
ergy effective theory of QCD in which the massless pion
fields emerge as the Nambu-Goldstone boson of the spon-
taneous chiral symmetry breaking [15, 16]. This view has
become popular and very successful, as we have already
mentioned [17–22].
But the Skyrme theory has multiple faces and has
other topologically interesting objects. In fact we can
say that the theory has all topological objects known in
physics. In addition to the well known skyrmion which
has the pi3(S
3) topology it has the baby skyrmion which
has the pi1(S
1) topology, the monopole which has the
pi2(S
2) topology, and the knot which has the pi3(S
2)
topology.
Among these the monopole plays the fundamental
role. The central piece of the theory is the singular Wu-
Yang type monopole which makes up all topological ob-
jects in the theory. Indeed, the skyrmion can be viewed as
a finite energy dressed monopole, the baby skyrmion as a
magnetic vortex connecting the monopole-antimonopole
pair, and the knot as a twisted magnetic vortex ring made
of the helical baby skyrmion. So the theory can be viewed
as a theory of monopole which has a built-in Meissner ef-
fect [24–26].
Moreover, the Skyrme theory has the multiple vacua
similar to the Sine-Gordon theory, each of which has the
knot topology of the QCD vacuum [27]. In other words,
the vacuum of the Skyrme theory has the topology of the
Sine-Gordon theory and QCD combined together. So,
the vacuum of the Skyrme theory can also be classified
by two integers by (p, q), p which represents the pi1(S
1)
topology and q which represents the pi3(S
2) topology.
It has been appreciated for a long time that the
skyrmion is described by the monopole topology. But
since the monopole topology pi2(S
2) and the baryon
topology pi3(S
3) are different, the skyrmions should be
classified by two topological numbers, the baryon num-
ber b and the monopole number m [27]. According to
this view the baryon number can also be replaced by
the radial (shell) quantum number n which describes the
pi1(S
1) topology of the radial extension of the skyrmions.
This is based on the observation that the S3 space (both
the compactified 3-dimensional real space and the SU(2)
target space) has the Hopf fibering S3 ' S2×S1, so that
the baryon number defined by pi3(S
3) can be decomposed
to two topological numbers pi2(S
2) and pi1(S
1).
The fact that the skyrmions have two topology can
be extended to the baby skyrmion. We can construct
new solutions of baby skyrmion, and show that they have
two topology, the shell (radial) topology pi1(S
1) and the
monopole topology pi2(S
2). This is really remarkable,
which strongly support that the skyrmion does carry two
topology. These unique features make the Skyrme theory
an ideal place for us to discuss the topology in physics.
We first review the well known facts in Skyrme theory.
Let ω and nˆ (nˆ2 = 1) be the massless scalar field (the
“sigma-field”) and the normalized pion-field in Skyrme
theory, and write the Skyrme Lagrangian as [14]
L = κ
2
4
tr L2µ +
α
32
tr ([Lµ, Lν ])
2
= −κ
2
4
[1
2
(∂µω)
2 + 2 sin2
ω
2
(∂µnˆ)
2
]
−α
8
[
sin2
ω
2
(
(∂µω)
2(∂ν nˆ)
2 − (∂µω∂νω)(∂µnˆ · ∂ν nˆ)
)
+2 sin4
ω
2
(∂µnˆ× ∂ν nˆ)2
]
,
Lµ = U∂µU
†,
U = exp(
ω
2i
~σ · nˆ) = cos ω
2
− i(~σ · nˆ) sin ω
2
, (13)
where κ and α are the coupling constants.
Notice that, with
σ = cos
ω
2
, ~pi = nˆ sin
ω
2
, (σ2 + ~pi2 = 1), (14)
the Lagrangian (13) can also be put into the form
L = −κ
2
2
(
(∂µσ)
2 + (∂µ~pi)
2
)
−α
4
(
(∂µσ∂ν~pi − ∂νσ∂µ~pi)2 + (∂µ~pi × ∂ν~pi)2
)
+
λ
4
(σ2 + ~pi2 − 1), (15)
where λ is a Lagrange multiplier. In this form σ and ~pi
represent the sigma field and the pion field, so that the
theory describes the non-linear sigma model of the pion
physics.
The Lagrangian has a hidden U(1) gauge symmetry
as well as the global SU(2)L×SU(2)R symmetry [25, 26].
The global SU(2)L × SU(2)R symmetry is obvious, but
the hidden U(1) gauge symmetry is not. The hidden U(1)
gauge symmetry comes from the U(1) subgroup which
leaves nˆ invariant. To see this, we reparametrize nˆ by
the CP 1 field ξ,
nˆ = ξ†~σξ, ξ†ξ = 1. (16)
and find that under the U(1) gauge transformation of ξ
to
ξ → exp(iθ(x))ξ, (17)
6nˆ (and ∂µnˆ) remains invariant. Now, we introduce the
composite gauge potential Cµ and the covariant deriva-
tive Dµ which transforms gauge covariantly under (17)
by
Cµ = −2iξ†∂µξ, Dµξ = (∂µ − i
2
Cµ)ξ. (18)
With this we have the following identities,
(∂µnˆ)
2 = 4|Dµξ|2,
∂µnˆ× ∂ν nˆ = −2i
[
(∂µξ
†)(∂νξ)− (∂µξ†)(∂νξ)
]
nˆ
= Hµν nˆ,
Hµν = ∂µCν − ∂νCµ. (19)
Furthermore, with the Fierz’ identity
σaijσ
a
kl = 2δilδjk − δijδkl, (20)
we have
∂µnˆ · ∂µnˆ = 2∂µ(ξ†i ξj)∂ν(ξ†j ξi)
= 2
[
(∂µξ
†ξ)(∂νξ†ξ) + (∂µξ†)(∂νξ) + (∂νξ†)(∂µξ)
+(ξ†∂µξ)(ξ†∂νξ)
]
= 2
[
(∂µξ
† +
i
2
Cµξ
†)(∂νξ − i
2
Cνξ)
+(∂νξ
† +
i
2
Cνξ
†)(∂µξ − i
2
Cµξ)
]
= 2
[
(Dµξ)
†(Dνξ) + (Dνξ)†(Dµξ)
]
. (21)
From this we can express (13) by
L = −κ
2
4
[1
2
(∂µω)
2 + 8 sin2
ω
2
|Dµξ|2
]
−α
2
sin2
ω
2
[
(∂µω)
2|Dµξ|2 − (∂µω∂νω)(Dµξ)†(Dνξ)
+
1
2
sin2
ω
2
H2µν
]
, (22)
which is explicitly invariant under the U(1) gauge trans-
formation (17). So replacing nˆ by ξ in the Lagrangian we
can make the hidden U(1) gauge symmetry explicit. In
this form the Skyrme theory becomes a self-interacting
U(1) gauge theory of CP 1 field coupled to a massless
scalar field.
The equations of motion of the Lagrangian is given
by
∂2ω − sinω(∂µnˆ)2 + α
8κ2
sinω(∂µω∂ν nˆ− ∂νω∂µnˆ)2
+
α
κ2
sin2
ω
2
∂µ
[
(∂µω∂ν nˆ− ∂νω∂µnˆ) · ∂ν nˆ
]
− α
κ2
sin2
ω
2
sinω(∂µnˆ× ∂ν nˆ)2 = 0,
∂µ
{
sin2
ω
2
nˆ× ∂µnˆ+ α
4κ2
sin2
ω
2
[
(∂νω)
2nˆ× ∂µnˆ
−(∂µω∂νω)nˆ× ∂ν nˆ
]
+
α
κ2
sin4
ω
2
(nˆ · ∂µnˆ× ∂ν nˆ)∂ν nˆ
}
= 0. (23)
Clearly the second equation describes the conservation
of SU(2) current originating from the global SU(2) sym-
metry of the theory.
It has two interesting limits. First, when
ω = (2p+ 1)pi, (24)
(23) is reduced to
nˆ× ∂2nˆ− α
κ2
(∂µHµν)∂ν nˆ = 0,
Hµν = nˆ · (∂µnˆ× ∂ν nˆ) = ∂µCν − ∂νCµ, (25)
where Cµ is the magnetic potential of Hµν defined by
(18). This is the central equation of Skyrme theory
which allows the monopole, the baby skyrmion, and the
Faddeev-Niemi knot [24–26].
Second, in the spherically symmetric limit
ω = ω(r), nˆ = ±rˆ, (26)
(23) is reduced to
d2ω
dr2
+
2
r
dω
dr
− 2 sinω
r2
+
2α
κ2
[ sin2(ω/2)
r2
d2ω
dr2
+
sinω
4r2
(
dω
dr
)2 − sinω sin
2(ω/2)
r4
]
= 0. (27)
This is the equation used by Skyrme to find the original
skyrmion. Imposing the boundary condition
ω(0) = 2pi, ω(∞) = 0, (28)
we have the skyrmion solution which carries the unit
baryon number [14]
B = − 1
24pi2
∫
ijk tr (LiLjLk)d
3r
= − 1
8pi2
∫
ijk∂iω
[
rˆ · (∂j rˆ × ∂krˆ)
]
sin2
ω
2
d3r
= 1, (29)
which represents the non-trivial homotopy pi3(S
3) defined
by U .
The two limits lead us to very interesting physics. To
understand the physical meaning of the first limit notice
that, with (24) the Skyrme Lagrangian reduces to the
Skyrme-Faddeev Lagrangian
L → −κ
2
2
(∂µnˆ)
2 − α
4
(∂µnˆ× ∂ν nˆ)2, (30)
whose equation of motion is given by (25). This tells that
the Skyrme-Faddeev theory becomes a self-consistent
truncation of the Skyrme theory. This assures that the
Skyrme-Faddeev theory is an essential ingredient (the
backbone) of the Skyrme theory which describes the core
dynamics of Skyrme theory [24–26].
7A remarkable feature of the Skyrme-Faddeev theory
is that it can be viewed as a theory of monopole. In fact,
(25) has the singular monopole solution [24–26]
nˆ = ±rˆ. (31)
which carries the magnetic charge
Qm =
±1
8pi
∫
ijk
[
rˆ · (∂irˆ × ∂j rˆ)
]
dσk = ±1, (32)
which represents the homotopy pi2(S
2) defined by nˆ. Of
course, (31) has a point singularity at the origin which
makes the energy divergent. But we can easily regularize
the singularity with a non-trivial ω, with the boundary
condition (28). And the regularized monopole becomes
nothing but the well known skyrmion.
Moreover, it has the (helical) magnetic vortex solution
made of the monopole-antimonopole pair infinitely sepa-
rated apart, and the knot solution which can be viewed
as the twisted magnetic vortex ring made of the helical
vortex whose periodic ends are connected together. So
the monopole plays an essential role in all these solutions.
This shows that the Skyrme-Faddeev theory, and by im-
plication the Skyrme theory itself, can be viewed as a
theory of monopole.
But perhaps a most important point of the Skyrme-
Faddeev Lagrangian is that it provides a “missing” link
between Skyrme theory and QCD, because the Skyrme-
Faddeev Lagrangian can actually be derived from QCD
[24–26].
IV. SKYRME THEORY AND QCD: A THEORY
OF MONOPOLE
To reveal the deep connection between Skyrme theory
and QCD, consider the SU(2) QCD
LQCD = −1
4
~F 2µν . (33)
Now, we can make the Abelian projection choosing the
Abelian direction to be nˆ and imposing the Abelian isom-
etry
Dµnˆ = 0, (34)
to the gauge potential. With this we obtain the restricted
potential Aˆµ which describes the color neutral binding
gluon (the neuron) [47, 48]
~Aµ → Aˆµ = Aµ + Cµ,
Aµ = Aµnˆ, Cµ = −1
g
nˆ× ∂µnˆ. (35)
The restricted potential is made of two parts, the
naive Abelian (Maxwellian) part Aµ and the topologi-
cal monopole (Diracian) part Cµ. Moreover, it has the
full non-Abelian gauge freedom although the holonomy
group of the restricted potential is Abelian.
So we can construct the restricted QCD (RCD) made
of the restricted potential which has the full SU(2) gauge
freedom [47, 48]
LRCD = −1
4
Fˆ 2µν = −
1
4
F 2µν
+
1
2g
Fµν nˆ · (∂µnˆ× ∂ν nˆ)− 1
4g2
(∂µnˆ× ∂ν nˆ)2,
= −1
4
(Fµν +Hµν)
2,
Fµν = ∂µAν − ∂νAµ,
Hµν = −1
g
nˆ · (∂µnˆ× ∂ν nˆ) = ∂µCν − ∂νCµ. (36)
This shows that RCD is a dual gauge theory made of
two Abelian gauge potentials, the electric Aµ and mag-
netic Cµ. Nevertheless it has the full non-Abelian gauge
symmetry.
Moreover, we can recover the full SU(2) QCD with
the Abelian decomposition which decomposes the gluons
to the color neutral neuron and colored chromon gauge
independently [47, 48]
~Aµ = Aˆµ + ~Xµ, nˆ · ~Xµ = 0,
~Fµν = Fˆµν + Dˆµ ~Xν − Dˆν ~Xµ + g ~Xµ × ~Xν , (37)
where ~Xµ describes the gauge covariant colored chromon.
With this we have the Abelian decomposition of QCD
LQCD = −1
4
~F 2µν = −
1
4
Fˆ 2µν −
1
4
(Dˆµ ~Xν − Dˆν ~Xµ)2
−g
2
Fˆµν · ( ~Xµ × ~Xν)− g
2
4
( ~Xµ × ~Xν)2. (38)
This confirms that QCD can be viewed as RCD made of
the binding gluon, which has the colored valence gluon as
its source [47, 48]. The Abelian decomposition has been
known as the Cho decomposition, Cho-Duan-Ge (CDG)
decomposition, or Cho-Faddeev-Niemi (CFN) decompo-
sition in the literature [23, 49–51]
Now we can reveal the connection between the Skyrme
theory and QCD. Let us start from RCD and assume that
the binding gluon (restricted potential) acquires a mass
term after the confinement. In this case (36) becomes
LRCD → −1
4
Fˆ 2µν −
m2
2
Aˆ2µ
= −1
4
F 2µν +
1
2g
Fµν nˆ · (∂µnˆ× ∂ν nˆ)
− 1
4g2
(∂µnˆ× ∂ν nˆ)2 − m
2
2
[
A2µ +
1
g2
(∂µnˆ)
2
]
. (39)
Of course, the mass term breaks the gauge symmetry,
but this can be justified because the binding gluons could
acquire mass after the confinement sets in.
8Integrating out the Aµ potential (or simply putting
Aµ = 0), we can reduce (39) to
LRCD → − 1
4g2
(∂µnˆ× ∂ν nˆ)2 − m
2
2g2
(∂µnˆ)
2, (40)
which becomes nothing but the Skyrme-Faddeev La-
grangian (30) when κ2 = m2/g2 and α = 1/g2. This tells
that the Skyrme-Faddeev Lagrangian can actually be de-
rived from RCD. And this is a mathematical derivation.
This confirms that the Skyrme theory and QCD is closely
related, more closely than it appears.
This has deep consequences. Notice that nˆ which
provides the Abelian projection in QCD naturally rep-
resents the monopole topology pi2(S
2), and can describe
the monopole. In fact, it is well known that nˆ = rˆ be-
comes exactly the Wu-Yang monopole solution [6]. On
the other hand the above exercise tells that this nˆ is noth-
ing but the normalized pion field in the Skyrme theory.
This strongly implies that nˆ = rˆ can also describe the
monopole solution in the Skyrme theory. Indeed, (31)
is precisely the Wu-Yang monopole transplanted in the
Skyrme theory.
What is more, the Skyrme theory has more compli-
cated monopole solutions. With nˆ = rˆ and the boundary
condition
ω(0) = pi, ω(∞) = 0, (mod 2pi) (41)
we can find a monopole solution which reduces to the
singular solution (31) near the origin. The only difference
between this and (31) is the non-trivial dressing of the
scalar field ω, so that it could be interpreted as a dressed
monopole. This dressing, however, is only partial because
this makes the energy finite at the infinity, but not at the
origin.
Similarly, with the following boundary condition
ω(0) = 2pi, ω(∞) = pi, (mod 2pi) (42)
we can obtain another monopole and half-skyrmion so-
lution which approaches the singular solution near the
infinity. Here again the partial dressing makes the en-
ergy finite at the origin, but not at the infinity. So the
partially dressed monopoles still carry an infinite energy.
Clearly these solutions carry the unit magnetic charge
of the homotopy pi2(S
2) defined by nˆ [26]
M =
±1
8pi
∫
ijk
[
rˆ · (∂irˆ × ∂j rˆ)
]
dσk = ±1, (43)
but carry a half baryon number
B = − 1
8pi2
∫
ijk∂iω
[
rˆ · (∂j rˆ × ∂krˆ)
]
sin2
ω
2
d3r
= − 1
pi
∫
sin2
ω
2
dω =
1
2
. (44)
This is due to the boundary conditions (41) and (42). So
it describes a half-skyrmion.
1 2 3 4 5
r
π
2πω(r)
(A)
(B)
FIG. 1: The singular Wu-Yang monopole (the blue line), the
two half skyrmions (A) and (B) as partially dressed singular
monopoles (blue curves), and the regular skyrmion (red curve)
obtained combining the two half skyrmions.
The half-skyrmions have two remarkable features.
First, combining the two half-skyrmions we can form a fi-
nite energy soliton, the fully dressed skyrmion [26]. This
must be clear because, putting the boundary conditions
(41) and (42) together we recover the boundary condi-
tion (28) of the skyrmion. So putting the two partially
dressed monopoles together we obtain the well known
finite energy skyrmion solution.
This is summarized in Fig. 1, where the blue line
represents the singular monopole, the dotted curves (A)
and (B) represent the singular half skyrmions, and the
red curve represents the regular skyrmion. Notice that
in all these solutions we have nˆ = rˆ, so that M = 1.
This confirms that the skyrmion is nothing but the Wu-
Yang monopole of QCD, transplanted and regularized to
have a finite energy by the massless scalar field ω in the
Skyrme theory [24–26].
The other remarkable feature of the half-skyrmions is
that the monopole number (43) and the baryon number
(44) are different. This is very interesting because, in
skyrmions the baryon number is commonly identified by
the rational map which defines the monopole number.
This suggests that the baryon number and the monopole
number are one and the same thing [17]. But obviously
this is not true for the half-skyrmions. In the following
we will argue that this need not be ture, and show that
the skyrmions in general have two different topological
numbers.
V. SKYRMIONS WITH TWO TOPOLOGICAL
NUMBERS
The above argument clearly shows that the skyrmion
has the monopole topology. And this monopole topology
reappear in all popular non spherically symmetric multi-
skyrmion solutions [17–19]. Indeed, it is well known that
the monopole topology of the rational map pi2(S
2) given
9FIG. 2: The well known (non spherically symmetric) numer-
ical multi-skyrmion solutions with baryon number 1,2,3,4.
by nˆ,
M =
1
8pi
∫
ijk
[
nˆ · (∂inˆ× ∂j nˆ)
]
dσk = m, (45)
together with the boundary condition (28), has played
the fundamental role for many people to construct these
multi-skyrmion solutions. Some of these multi-skyrmion
solutions are shown in Fig. 2.
On the other hand, these solutions have always been
interpreted to have the baryon topology pi3(S
3) which
have the baryon number given by
B = − 1
8pi2
∫
ijk∂iω
[
nˆ · (∂j nˆ× ∂knˆ)
]
sin2
ω
2
d3r
=
1
8pi
∫
ijk
[
nˆ · (∂inˆ× ∂j nˆ)
]
dσk = m. (46)
But obviously this baryon number is precisely the
monopole number shown in (45), so that these solu-
tions have B = M . Nevertheless, the monopole topology
pi2(S
2) and the baryon topology pi3(S
3) is clearly differ-
ent. If so, we may ask what is the relation between the
monopole topology and the baryon topology.
The Skyrme equation (27) in the spherically symmet-
ric limit plays an important role to clarify this point. To
see this notice that, although the SU(2) matrix U is peri-
odic in ω variable by 4pi, ω itself can take any value from
−∞ to +∞. So we can obtain the spherically symmet-
ric multi-skyrmion solutions generalizing the boundary
condition (28) to [14–16]
ω(0) = 2pin, ω(∞) = 0, (47)
with an arbitrary integer n. Some of the spherically sym-
metric multi-skyrmion solutions are shown in Fig. 3.
These are, of course, the solutions that Skyrme originally
proposed to identify as the nuclei with baryon number
larger than one [14]. But soon after they are dismissed
as uninteresting because they have too much energy.
An interesting features of the spherically symmetric
solutions is that whenever the curve passes through the
values ω = 2pin, it become a bit steeper. This is because
0 2 4 6 8 10
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FIG. 3: The spherically symmetric skyrmions with baryon
number 1,2,3,4, which should be contrasted with the solutions
shown in Fig. 2.
(as we will see soon) these points are the vacua of the
theory, and the steep slopes shows that the energy likes
to be concentrated around these vacua.
Another interesting feature of the spherically symmet-
ric skyrmions is the energy, which is given by [26]
E =
piκ2
2
∫ ∞
0
{(
r2 +
2α
κ2
sin2
ω
2
)(dω
dr
)2
+8
(
1 +
α
2κ2r2
sin2
ω
2
)
sin2
ω
2
}
dr
= pi
√
ακ
∫ ∞
0
[
x2
(
dω
dx
)2
+ 8 sin2
ω
2
]
dx, (48)
where x = κr/
√
α. From this we can easily calculate
their energy. This is shown in Fig. 4.
Numerically the baryon number dependence of the
energy is given by [14, 16]
En ' n(n+ 1)
2
E1. (49)
This has two remarkable points. First, the baryon num-
ber dependence of the energy is quadratic. This, of
course, means that the energy of the skyrmion with
baryon number n is bigger than the sum of n lowest en-
ergy skyrmion. So the radially excited skyrmions are un-
stable. This is not the case in the popular multi-skyrmion
solutions shown in Fig. 2. They have positive binding
energy, so that the energy of the skyrmion with baryon
number B becomes smaller than the B sum of the low-
est energy skyrmion. This was the main reason why the
spherically symmetric solutions have not been considered
seriously as the model of heavy nuclei.
But actually (49) makes the spherically symmetric so-
lutions mathematically more interesting, because (49) is
almost exact. In fact Fig. 4 shows that the mathematical
curve En = n(n+ 1)E1/2 and the numerical fit is almost
indistinguishable. We could understand this as follows.
Roughly speaking, the kinetic energy (first part) and the
potential energy (second part) of (48) become propor-
tional to n2 and n, and the two terms have an equal
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FIG. 4: The energy of the spherically symmetric solutions
with baryon number 1,2,3,4. The numerical fit (the blue
curve) and the n(n + 1)E1/2 curve (the green curve) are al-
most indistinguishable.
contribution due to the equipartition of energy. But we
need a better explanation of (49).
Fig. 5 shows the energy density of the solutions.
Clearly the B = n solution has n local maxima, which
indicates that it is made of n shells of unit skyrmions.
Moreover, as we have remarked the energy density has
the local maxima at ω = 2pin. So they describe the shell
model of nuclei, made of n shells located at ω = 2pin.
This tells that the spherically symmetric solutions could
be viewed as radially extended skyrmions of the original
skyrmion. In this interpretation the baryon number n of
these skyrmions can be identified as the radial, or more
properly the shell, number [53]. And this baryon num-
ber is fixed by the winding number pi1(S
1) of the angular
variable ω.
The contrast between the popular non spherically
symmetric solutions shown in Fig. 2 and the sphrically
symmetric solutions shown in Fig. 3 is unmistakable.
But the contrast is not just in the appearance. They are
fundamentally different. In particular, the spherically
symmetric solutions have a very important implication.
To understand this, notice that these solutions have
the monopole number given by
M =
1
8pi
∫
ijk
[
rˆ · (∂irˆ × ∂j rˆ)
]
dσk = 1. (50)
On the other hand, their baryon number is given by the
winding number pi1(S
1) of ω determined by the boundary
condition (47),
B = − 1
8pi2
∫
ijk∂iω
[
rˆ · (∂j rˆ × ∂krˆ)
]
sin2
ω
2
d3r
= − 1
pi
∫
sin2
ω
2
dω = n. (51)
So, unlike the popular non spherically symmetric multi-
skyrmions shown in Fig. 2, the baryon number and the
monopole number of these solutions are different. More-
over, the baryon number is not given by the rational map,
but by the winding number.
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FIG. 5: The radial energy density of the spherically sym-
metric skyrmions with baryon number 1,2,3,4. The density
functions are normalized to make the integral of the B = 1
solution to be the unit.
This confirms that the skyrmions actually do carry
two topological numbers, the baryon number of pi3(S
3)
and the monopole number of pi2(S
2) [27]. And the spher-
ically symmetric solutions play the crucial role to demon-
strate this.
In this scheme the skyrmions are classified by (m, b),
the monopole number m and the baryon number b. And
the popular (non spherically symmetric) solutions be-
come the (m,m) skyrmions and the spherically symmet-
ric solutions become the (1, n) skyrmions.
This has a deep consequence. Based on this we can ac-
tually show that the baryon number can be decomposed
to the monopole number and the radial (shell) number
and expressed by the product of the two numbers [27].
To show this we discuss the characteristic features of the
spherically symmetric solutions first.
This implies that we could replace the baryon num-
ber with the shell number, and classify the skyrmions by
the monopole number m and shell number n by (m,n),
instead of (m, b). In other words we could also classify
the skyrmions by the monopole topology pi2(S
2) of nˆ and
the U(1) (i.e., shell) topology pi1(S
1) of ω. In this scheme
the baryon number of the (m,n) skyrmion is given by
B = mn. This must be clear from (29), which tells that
the baryon number is made of two parts, the pi2(S
2) of nˆ
and pi1(S
1) of ω.
According to this classification the popular (non
spherically symmetric) skyrmions become the (m, 1)
skyrmions, the radially extended spherically symmetric
skyrmions become the (1, n) skyrmions. The justification
for this classification comes from the following observa-
tion. First, the S3 space (both the real space and the
target space) in the baryon topology pi3(S
3) admits the
Hopf fibering S3 ' S2 × S1. Second, the two variables nˆ
and ω of the Skyrme theory naturally accommodate the
monopole topology pi2(S
2) and the shell topology pi1(S
1).
Furthermore, in this classification the baryon number
is given by the product of the monopole number and
the shell number, or B = mn. To see this notice that
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the Hopf fibering of S3 has an important property that
locally it can be viewed as a Cartesian product of S2 and
S1. So we have
B = − 1
8pi2
∫
ijk∂iω
[
nˆ · (∂j nˆ× ∂knˆ)
]
sin2
ω
2
d3r
= − 1
8pi2
∫
∂iω
[
nˆ · (∂j nˆ× ∂knˆ)
]
sin2
ω
2
dxi ∧ dxj ∧ dxk
=
n
8pi
∫
ijk
[
nˆ · (∂inˆ× ∂j nˆ)
]
dΣk = mn, (52)
where dΣk = ijkdx
i∧dxj/2. This shows that the baryon
number of the skyrmion is given by the product of the
monopole number and the shell number. Obviously both
(m, 1) and (1, n) skyrmions are the particular examples
of this.
Another way to show this is to introduce a generalized
coordinates (η, α, β) for R3 whose line element is given
by
ds2 = f(η)dη2 + dΣ2(α, β), (53)
in which η represents the radial coordinate R1 and (α, β)
represents the S2 such that ω = ω(η) and nˆ = nˆ(α, β).
Again this is possible because the hopf fibering of S3 can
be expressed by a locally Cartesian product of S2 and
S1. In this coordinates we clearly have
B = − 1
8pi2
∫
ijk∂iω
[
nˆ · (∂j nˆ× ∂knˆ)
]
sin2
ω
2
d3x
= − 1
4pi2
∫
sin2
ω
2
dω
∫ [
nˆ · (dnˆ ∧ dnˆ)] = mn. (54)
So in this local direct product coordinates, it is straight-
forward to prove B = mn. Notice that the third equality
tells that the baryon number can be expressed in a cood-
inate independent form.
Clearly the spherically symmetric solutions satisfy
this criterion. In this case, pi3(S
3) naturally decomposes
to pi2(S
2) of nˆ and pi1(S
1) of ω, so that the baryon num-
ber B is decomposed to the S2 wrapping number m and
the S1 winding number n. But the spherical symmetry
requires nˆ = rˆ, and restricts m = 1.
Again this follows from two facts. First, the fact that
the Hopf fibering allows S3 to decompose S2×S1, and the
fact that in Skurme theory ω and nˆ naturally decompose
the target space S3 to S1 and S2. With this we have
pi3(S
3) ' pi2(S2) × pi1(S1). This strongly support that
the baryon topology pi3(S
3) can be refined to pi2(S
2) of
nˆ and pi1(S
1) of ω.
If so, one might wonder whether the popular
skyrmions can also be made to carry two different topo-
logical numbers. This should be possible. To see this
remember that the integer n in the (1, n) skyrmions de-
scribes the radial (shell) number which describes the shell
structure of the spherically symmetric skyrmions. And
this shell structure is provided by the angular variable
ω which allows the radial extension of the original (1, 1)
skyrmion. So we can generalize the (m, 1) skyrmion to
have similar shell structure.
In fact, we may obtain the “radially extended” solu-
tions of the non spherically symmetric skyrmions numer-
ically, generalizing the boundary condition (28) to (47),
requiring [53]
ω(rk) = 2pik, (k = 0, 1, 2, ...n),
r0 = 0 〈 r1 〈 ... 〈 rn =∞, (55)
keeping the rational map number m of nˆ unchanged.
With this we could find new solutions numerically min-
imizing the energy, varying rk (k = 1, 2, ..., n − 1). This
way we can add the shell structure and the shell number
to the (m,m) skyrmion. In this case the baryon num-
ber of the radially extended skyrmions should become
B = mn.
But the above argument tells that in general (even
for non spherically symmetric skyrmions) we may intro-
duce the generalized coordinates such that nˆ = nˆ(α, β)
and ω = ω(γ), and can still make the “radial” extension
of the skyrmions to obtain the radially extended (m,n)
skyrmions which have n shells numerically, generalizing
the boundary condition (28) to (47).
Again this becomes possible because the Skyrme the-
ory is described by two variables nˆ and ω which natu-
rally accommodate the monopole topology pi2(S
2) and
the shell topology pi1(S
1). This is very important, be-
cause mathematically there is no way to justify the re-
placement of the pi3(S
3) topology by two independent
pi2(S
2) topology and pi1(S
1) topology.
Now, one may ask about the stability of the (m,n)
skyrmions. Clearly an (m,n) skyrmion does not have to
be stable, and could decay to lower energy skyrmions as
far as the decay is energetically allowed. For example,
(49) clearly tells that the (1, n) skyrmion can decay to
lower energy skyrmions. This is natural. An interesting
and important question here is whether the two topologi-
cal numbers m and n are conserved independently or not.
Certainly the baryon topology and the monopole topol-
ogy are mathematically independent. This means that
the baryon number and the monopole number must be
conserved separately. This (with δB = m δn+n δm) au-
tomatically guarantees that the shell number must also
be conserved.
This means that the two numbers m and n must be
conserved separately, so that the (n,m) skyrmion could
decay to (n1,m1) and (n2,m2) skyrmions when n = n1+
n2 and m = m1 + m2. But there is no way that the
two topological numbers m and n can be transformed
to each other. This tells that the skyrmions retains the
topological stability of two topology independently, even
when they are classified by two topologial numbers.
The above discussions raise another deep question.
As we have remarked, when ω = (2n + 1)pi, the Skyrme
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theory reduces to the Skyrme-Faddeev theory. In this
limit the Skyrme theory has the knot solutions described
by nˆ whose topology is given by pi3(S
2) [24–26]. And in
these knots, ω is not activated. If so, one might ask if we
can dress the knots with ω and add the shell structure
to the knots to have two topological numbers pi1(S
1) and
pi3(S
2). This is a mind boggling question which certainly
deserves more study.
VI. MULTIPLE VACUA OF SKYRME THEORY
Skyrme theory has been known to have rich topo-
logical structures. It has the Wu-Yang type monopoles
which have the pi2(S
2) topology, the skyrmions which
have the pi3(S
3) topology, the baby skyrmions which have
the pi1(S
1) topology, and the Faddeev-Niemi knots which
have the pi3(S
2) topology [24–26]. In the above we have
shown that the theory has more topological structure,
and proved that the skyrmions can be generalized to have
two topological quantum numbers. But this is not the
end of story.
The Skyrme theory in fact has another very important
topological structure, the topologically different multiple
vacua. To see this, notice that (23) has the solution
ω = 2pip, (p; integer), (56)
independent of nˆ. Clearly this is the vacuum solution.
This shows that the Skyrme theory has multiple vacua
classified by the integer p. This is similar to the vacuum
of the Sine-Gordon theory, but we emphasize that, unlike
the Sine-Gordon theory, the Skyrme theory has the mul-
tiple vacua without any potential. Of course, we could
have such vacua in Skyrme theory introducing a poten-
tial term in the Lagrangian. This is not what we are
doing here. Another pont is that the spherically sym-
metric skyrmions occupy and connect the p+ 1 adjacent
vacua. This tells that we can connect all vacua with the
spherically symmetric skyrmions.
Perhaps more importantly, (56) becomes the vacuum
independent of nˆ, which is completely arbitrary. So nˆ can
add the pi3(S
2) topology to each of the multiple vacua
classified by another integer q. And this topology is pre-
cisely the knot topology of the QCD vacuum [54].
This is not surprising. In view of the deep connection
between QCD and Skyrme theory, it is natural that they
have similar vacuum structure. To clarify this point we
introduce a right-handed unit isotriplet (nˆ1, nˆ2, nˆ3 = nˆ),
and impose the vacuum isometry to the SU(2) gauge po-
tential,
∀iDµnˆi = 0, (57)
which assures ~Fµν = 0. From this we obtain the most
general SU(2) QCD vacuum potential [54]
~Aµ → Ωˆµ = −1
2
ijk(nˆi · ∂µnˆj) nˆk
=
1
2
ijk(nˆi · ∂µnˆj) eˆk, (58)
where eˆ1 = (1, 0, 0), eˆ2 = (0, 1, 0), eˆ3 = (0, 0, 1).
This is the QCD vacuum which has the knot topol-
ogy pi3(S
3) ' pi3(S2). It is clear that (58) describes the
pi3(S
3) topology, since (nˆ1, nˆ2, nˆ) defines the mapping
pi3(S
3) from the compactified 3-dimensional space to the
SU(2) group space. But notice that (nˆ1, nˆ2, nˆ) is com-
pletely determined by nˆ, up to the U(1) rotation which
leaves nˆ invariant, which describes the mapping from the
real space S3 to the coset space S2 of SU(2)/U(1). So
the QCD vacuum (58) can also be classified by the knot
topology pi3(S
2) [54].
Now it becomes clear why the Skyrme theory has the
same knot topology. As we have noticed, the Skyrme the-
ory has the vacuum (56), independent of nˆ. But this nˆ
(just as in the SU(2) QCD) defines the mapping pi3(S
2),
with the S3 compactification of R3, and thus can be clas-
sified by the knot topology. Of course, in the Skyrme the-
ory we do not need the vacuum potential (58) to describe
the vacuum. All we need to describe the knot topology
is nˆ.
This tells that the vacuum of the Skyrme theory has
the topology of the Sine-Gordon theory and QCD com-
bined together. So the vacuum of the Skyrme theory can
also be classified by two topologcal numbers (p, q), the
pi1(S
1) of ω and pi3(S
2) of nˆ. And this is so without any
extra potential. As we know, there is no other theory
which has this type of vacuum topology.
The multiple vacua leads us to the question if the
Skyrme theory has a vacuum tunneling which connects
these vacua. Certainly this is a very interesting question
worth to be studied further.
Before we close we emphasize the followings. First,
the knot topology pi3(S
2) of nˆ of the vacuum is different
from the monopole topology pi2(S
2) of nˆ. The monopole
topology is associated to the isolated singularities of nˆ,
but for the knot topology nˆ does not have any singular-
ity for. For the vacuum nˆ must be completely regular
everywhere.
Second, the knot topology of the vacuum is different
from the Faddeev-Niemi knot in the Skyrme theory [24].
The Faddeev-Niemi knot is a real knot which carries en-
ergy, but the vacuum knot has no energy. Moreover, we
have the knot solution when ω = (2n+ 1)pi, but we have
the knot of the vacuum when ω = 2pip. In addition, there
are infinitely many nˆ which describes the same vacuum
knot topology, while the Faddeev-Niemi knot is unique.
What is really remarkable here is that the same nˆ has
multiple roles. It describes the monopole topology of the
skyrmion, the knot topology of Faddeev-Niemi knot, and
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the knot topology of the vacuum.
VII. KNOT IN SKYRME THEORY
It is well known that in Skyrme theory has the
baby skyrmions, the magnetic vortex made of monopole-
antimonopole pair infinitely separated apart [53]. More-
over, with this we can construct the helical baby
skyrmion, twisting the magnetic vortex [26]. But the
helical vortex becomes unstable and decays to the un-
twisted baby skyrmion, unless the periodicity condition
is enforced by hand. A natural way to make the helical
baby skyrmion stable is to make it a knot connecting two
periodic ends and making it a twisted magnetic vortex
ring.
By construction this twisted vortex ring carries two
magnetic fluxes, m unit of flux passing through the disk
of the ring and n unit of flux moving along the ring.
Moreover the two fluxes can be thought of two closed
rings linked together winding each other m and n times,
whose linking number becomes mn. This tells that the
twisted vortex ring becomes a knot [24–26].
To confirm this we solve the knot equation (25) explic-
itly with a consistent ansatz. We first adopt the toroidal
coordinates (η, γ, ϕ) given by
x =
a
D
sinh η cosϕ, y =
a
D
sinh η sinϕ,
z =
a
D
sin γ, D = cosh η − cos γ,
ds2 =
a2
D2
(
dη2 + dγ2 + sinh2 ηdϕ2
)
,
d3x =
a3
D3
sinh ηdηdγdϕ, (59)
where a is the radius of the knot defined by η =∞. With
this we choose the following axially symmetric ansatz
nˆ =
 sin f cos(nβ +mϕ)sin f sin(nβ +mϕ)
cos f
 , (60)
where f and β are functions of η and γ.
With this we have
Cµ = n(cos f − 1)∂µβ +m(cos f + 1)∂µϕ,
Hηγ = −nK sin f, Hγϕ = −m sin f∂γf,
Hϕη = m sin f∂ηf,
K = ∂ηf∂γβ − ∂γf∂ηβ, (61)
so that the knot equation (25) is written as[
∂2η + ∂
2
γ +
(cosh η
sinh η
− sinh η
D
)
∂η − sin γ
D
∂γ
]
f
−
(
n2
(
(∂ηω)
2 + (∂γω)
2
)
+
m2
sinh2 η
)
sin f cos f
+
α
κ2
D2
a2
(
A cos f +B sin f
)
sin f = 0,[
∂2η + ∂
2
γ +
(cosh η
sinh η
− sinh η
D
)
∂η − sin γ
D
∂γ
]
β
+2
(
∂ηf∂ηβ + ∂γf∂γβ
)cos f
sin f
− α
κ2
D2
a2
C = 0, (62)
where
A =
[
n2K2 +
m2
sinh2 η
(
(∂ηf)
2 + (∂γf)
2
)]
,
B =
{
n2∂ηK∂γβ − n2∂γK∂ηβ
+n2K
[(cosh η
sinh η
+
sinh η
D
)
∂γβ − sin γ
D
∂ηβ
]
+
m2
sinh2 η
[
∂2η + ∂
2
γ −
(cosh η
sinh η
− sinh η
D
)
∂η +
sin γ
D
∂γ
]
f
}
,
C =
{
∂ηK∂γf − ∂ηf∂γK
+K
[(cosh η
sinh η
+
sinh η
D
)
∂γ − sin γ
D
∂η
)
f
}
.
With the ansatz (60) the knot energy is given by
E =
√
ακ
∫ { κ√
α
a
2D
[
(∂ηf)
2 + (∂γf)
2
+
(
n2
(
(∂ηβ)
2 + (∂γβ)
2
)
+
m2
sinh2 η
)
sin2 f
]
+
√
α
κ
D
4a
[
n2K2 +
m2
sinh2 η
(
(∂ηf)
2
+(∂γf)
2
)]
sin2 f
}
sinh ηdηdγdϕ. (63)
Minimizing the energy we reproduce the knot equation
(62), which confirms that ansatz (60) is consistent.
In toroidal coordinates, η = γ = 0 represents spatial
infinity and η =∞ describes the torus center. So we can
try to obtain the knot solution imposing the following
boundary condition
f(0, γ) = 0, f(∞, γ) = pi,
β(η, 0) = 0, β(η, 2pi) = 2pi. (64)
Of course, an exact solution of (62) is extremely difficult
to obtain, even numerically. In fact many known “knot
solutions” are actually the energy profile of knots which
minimizes the Hamiltonian [23]. But here with the ansatz
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FIG. 6: (Color online). The f configuration of the knot with
m = n = 1 in Skyrme theory. Notice that here η is dimen-
sionless.
(60) we can find an actual profile of the knot. For m =
n = 1 the knot radius a which minimizes the energy is
given by
a ' 1.21
√
α
κ
. (65)
From this we obtain Fig. 6 and Fig. 7 which shows the
knot profile for f and ω of the lightest axially symmetric
knot solution.
With the numerical solution we can check the topol-
ogy of the knot. From the ansatz (60) we have the knot
number
Qk =
1
32pi2
∫
ijk Ci Hjkd
3x
=
mn
8pi2
∫
K sin fdηdγdϕ =
mn
4pi
∫
sin fdfdβ
= mn, (66)
where the last equality comes from the boundary con-
dition (64). This assures that our ansatz describes the
correct knot topology. Notice this is formally identical
to the Chern-Simon integral of the helicity of the electro-
magnetic knot shown in (2).
To clarify the meaning of (66) we now calculate the
magnetic flux of the knot. The helical magnetic field has
two magnetic fluxes, Φγˆ passing through the knot disk of
radius a in the xy-plane and Φϕˆ moving along the knot
ring of radius a, given by
Φγˆ =
∫
γ=pi
Hγˆ
a2 sinh η
D2
dηdϕ
= m
∫
γ=pi
sin f∂ηfdηdϕ = 4pim,
Φϕˆ =
∫
Hϕˆ
a2
D2
dηdγ = n
∫
K sin fdηdγ
= 4pin. (67)
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FIG. 7: (Color online). The β configuration of the knot with
m = n = 1 in Skyrme theory. Notice that here the actual
configuration shown is β − γ.
This confirms the followings. First, the flux is quantized
in the unit of 4pi. Second, the two fluxes are linked, whose
linking number is given by mn. This is precisely the knot
number (66). This provides the physical interpretation
of the topological knot.
The supercurrent which generates the twisted mag-
netic flux of the knot is given by the conserved current
density
jµ =
nD2
a2
(
∂η +
cosh η
sinh η
+
sinh η
D
)
K∂µγ
+
mD2
a2
[(
∂η − cosh η
sinh η
+
sinh η
D
)
sin f∂ηf
+
(
∂γ +
sin γ
D
)
sin f∂γf
]
∂µϕ. (68)
From this we have two quantized supercurrents, iγˆ which
flows through the knot disk and iϕˆ which flows along the
knot,
iγˆ =
∫
γ=pi
jγˆ(η, γ)
a2 sinh η
D2
dηdϕ
=
n
a
∫
γ=pi
D sinh η
(
∂η +
cosh η
sinh η
+
sinh η
D
)
Kdηdϕ,
iϕˆ =
∫
jϕˆ
a2
D2
dηdγ
=
m
a
∫
D
sinh η
[(
∂η − cosh η
sinh η
+
sinh η
D
)
sin f∂ηf
+
(
∂γ +
sin γ
D
)
sin f∂γf
]
dηdγ. (69)
For m = n = 1 we find numerically
iγˆ ' 23.9
a
, iϕˆ ' 0. (70)
Notice that iϕˆ is vanishing, but the current density jϕˆ
is non-trivial. This tells that the knot has a net angular
momentum around the symmetric axis which stablizes
the knot.
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FIG. 8: (Color online). The 3-dimensional energy profile of
the lightest axially symmetric knot with m = n = 1 in Skyrme
theory. Here the scale is in the unit of
√
α/κ.
One might wonder how big is the knot. The numerical
result suggests that the radius of the vortex (the thick-
ness of the knot) r0 is roughly given by
r0 ' a csch 2 ' 1
3
√
α
κ
. (71)
This shows that the radius of the vortex ring is about
3.6 times the radius of the vortex. From this we can
construct a 3-dimensional energy profile of the knot. This
is shown in Fig. 8.
In mathematics the knot is described by the linking
number of the preimage of the Hopf mapping. When the
preimages of two points of the target space are linked,
the mapping defines a knot. And the knot number of
pi3(S
2) is given by the linking number of two preimages
fixed by the Chern-Simon index (66) of the potential Cµ.
The above result provides an alternative picture of
knot. It shows that two real (physical) magnetic flux
rings linked together makes the knot, whose knot number
is given by the linking number of two flux rings. Clearly
this is different from the above mathematical definition
of knot based on the Hopf mapping. This is a dynamical
manifestation of knot, the linking of two physical flux
rings generated by dynamics [25].
Obviously two flux rings linked together can not be
unlinked by any smooth deformation of the flux ring.
This guarantees the topological stability of the knot.
Moreover, this topological stability is backed up by the
dynamical stability which comes from the dynamics of
the flux ring. This is because the supercurrent which
generates the quantized magnetic flux of the knot has
two components, the one moving along the knot, and the
other moving around the knot tube. And the supercur-
rent moving along the knot generates non-vanishing an-
gular momentum around the z-axis, which provides the
centrifugal force preventing the vortex ring to collapse.
This is how the knot acquires the dynamical stability [25].
As we have argued, the knot is stable within the
framework of Skyrme-Faddeev theory. However, we have
to be cautious about the knot stability in Skyrme theory.
This is because the Skyrme theory has the extra mass-
less scalar field ω which (in principle) could destabilize
the knot. So in Skyrme theory the proof of the stability
of the knot becomes a non-trivial matter.
VIII. KNOTS IN CONDENSED MATTER
PHYSICS
The knots can also appear in two-component super-
fluid and two-gap superconductor [40, 44, 45]. To see
this let φ be a complex doublet which describes a two-
component Bose-Einstein condensate (BEC)
φ =
1√
2
ρ ξ, (ξ†ξ = 1) (72)
and consider the following “gauged” Gross-Pitaevskii
type Lagrangian [40]
L = −|Dµφ|2 − λ
2
(
φ†φ− κ
2
λ
)2 − 1
4
F 2µν , (73)
where Dµ = ∂µ + igAµ, κ
2 and λ are the coupling con-
stants. Of course, since we are interested in a neutral
condensate, we identify the potential Aµ with the veloc-
ity field of ξ
gAµ = −iξ†∂µξ. (74)
With this the Lagrangian (73) is reduced to
L = −1
2
(∂µρ)
2 − ρ
2
2
(
|∂µξ|2 − |ξ†∂µξ|2
)
−λ
8
(
ρ2 − ρ20
)2
+
1
4g2
(∂µξ
†∂νξ − ∂νξ†∂µξ)2,
ρ20 =
2κ2
λ
. (75)
Notice that here the gauge field strength Fµν is replaced
by the non-vanishing vorticity of the velocity field (74),
but the Lagrangian still retains the U(1) gauge symmetry
of (73).
From the Lagrangian we have the following equation
of motion
∂2ρ−
(
|∂µξ|2 − |ξ†∂µξ|2
)
ρ =
λ
2
(ρ2 − ρ20)ρ,{
(∂2 − ξ†∂2ξ) + 2
(∂µρ
ρ
− ξ†∂µξ
+
1
g2ρ2
∂α(∂µξ
†∂αξ − ∂αξ†∂µξ)
)
(∂µ − ξ†∂µξ)
}
ξ
= 0. (76)
But remarkably, with
nˆ = ξ†~σξ, (77)
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we have
(∂µnˆ)
2 = 4(|∂µξ|2 − |ξ†∂µξ|2)
Hµν = nˆ · (∂µnˆ× ∂ν nˆ) = −2i(∂µξ†∂νξ − ∂νξ†∂µξ)
= ∂µCν − ∂νCµ. (78)
This tells that the velocity potential (74) plays the role
of the magnetic potential Cµ in (25) of Skyrme theory.
With (78) the Lagrangian (75) is reduced to the fol-
lowing CP 1 Lagrangian
L = −1
2
(∂µρ)
2 − ρ
2
2
(∂µnˆ)
2 − λ
8
(ρ2 − ρ20)2
− 1
16g2
(∂µnˆ× ∂ν nˆ)2. (79)
Furthermore the equation (76) can be put into the form
∂2ρ− 1
4
(∂inˆ)
2ρ =
λ
2
(ρ2 − ρ20)ρ,
nˆ× ∂2nˆ+ 2∂iρ
ρ
nˆ× ∂inˆ+ 1
g2ρ2
∂iHij∂j nˆ = 0. (80)
The reason why we can express (76) completely in terms
of nˆ (and ρ) is that the Abelian gauge invariance of (73)
effectively reduces the target space of ξ to the gauge orbit
space S2 = S3/S1, which is identical to the target space
of nˆ.
This analysis clearly shows that the above theory of
two-component BEC is closely related to the Skyrme the-
ory. In fact, in the vacuum ρ2 = ρ20 the Lagrangian re-
duces to the Skyrme-Faddeev Lagrangian
L = −ρ
2
0
2
(
|∂µξ|2 − |ξ†∂µξ|2
)
− 1
4g2
(∂µξ
†∂νξ − ∂νξ†∂µξ)2
= −ρ
2
0
2
(∂µnˆ)
2 − 1
16g2
(∂µnˆ× ∂ν nˆ)2. (81)
This shows that the three Lagrangians (30), (40), and
(81) are all identical to each other, which confirms that
the Skyrme theory and the theory of two-component su-
perfluid are indeed very similar. This implies that the
Skyrme-Faddeev theory could also be regarded as a the-
ory of two-component superfluid.
The above observation also reveals two important
facts. First, it tells that the Skyrme theory has a U(1)
gauge symmetry as we have demonstrated in (22). In-
deed, it is this gauge symmetry which allows us to estab-
lish the existence of the Meissner effect in Skyrme theory.
Second, it provides a new meaning to Hµν . The two-form
now describes the vorticity of the velocity field of the su-
perfluid ξ. In other words, the non-linear Skyrme inter-
action can be interpreted as the vorticity interaction of
the superfluid. It is well-known that the vorticity plays
an important role in superfluid [59]. But creating a vor-
ticity in superfluid costs energy. So it makes a perfect
5 10 15 20 25 30
·
0.5
1
1.5
2
2.5
3
f
Ρ
FIG. 9: The non-Abelian vortex (dashed line) with m =
0, n = 1 and the helical vortex (solid line) with m = n = 1 in
the gauge theory of two-component BEC. Here we have put
λ/g2 = 1, k = 0.64
√
λρ0, and % is in the unit of 1/
√
λρ0.
sense to include the vorticity interaction in the theory of
superfluid. And the Skyrme-Faddeev Lagrangian natu-
rally contains this interaction.
Moreover, the above observation makes it clear that
the above gauge theory of two-component BEC has a
knot very similar to the Faddeev-Niemi knot [40, 44].
Indeed with the following knot ansatz for two-component
BEC
φ =
1√
2
ρ(η, γ)ξ,
ξ =
 cos f(η, γ)2 exp(−imϕ)
sin
f(η, γ)
2
exp(inβ(η, γ))
 , (82)
we have
nˆ = ξ†~σξ =
 sinf cos(nβ +mϕ)sin f sin(nβ +mϕ)
cos f
 ,
Cµ = −2iξ†∂µξ
= n(cos f − 1)∂µβ +m(cos f + 1)∂µϕ.
Clearly this is identical to the Faddeev-Niemi knot ansatz
shown in (60). With the ansatz (82) we can obtain a knot
solution very similar to the Faddeev-Niemi knot [40, 44].
This is shown in Fig. 9. The only difference between
the two knots is that the one in BEC has a dressing of
an extra scalar field ρ which represents the degree of the
condensation.
Clearly the knot in two component BEC describes a
vorticity knot. And here the complex doublet ξ provides
the knot topology,
Qk =
1
4pi2
∫
ijkξ
†∂iξ(∂jξ†∂kξ)d3x
=
1
32pi2
∫
ijkCiHjkd
3x. (83)
This is the Chern-Simon index which is mathematically
identical to the helicity (2) of the electromagnetic knot.
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But ξ defines the mapping pi3(S
3) from the compact-
ified space S3 to the target space S3. Apparently this is
the baryon topology of the skyrmion, not the knot topol-
ogy pi3(S
2). This has led to a misleading statement in the
literature that the vorticity knot can be identified as a
skyrmion [57]. But this is wrong. The reason is that the
target space has the Hopf fibering S3 ' S2×S1, and the
hidden U(1) gauge symmetry in BEC effectively reduces
the target space to S2, so that pi3(S
3) defined by ξ ac-
tually reduces to pi3(S
2). So actually the knot topology
here is described by nˆ given by (83). In comparoson in
Skyrme theory the scalar field ω describes the S1 fiber,
so that the baryon topology pi3(S
3) can not be reduced
to pi3(S
2).
We can have similar knot in multi-gap superconduc-
tors [44, 45]. In the above BEC the gauge interaction
was a self-induced interaction. But when the doublet is
charged, the gauge interaction can be treated as inde-
pendent. In this case the theory can describe a two-gap
superconductor. But even in this case the knot topol-
ogy and thus the knot itself should survive. This implies
that two-gap superconductor could also have a topologi-
cal knot.
The knot in two-gap superconductor could be ei-
ther relativistic or non-relativistic, and appear in both
Abelian and non-Abelian setting [40, 44]. In this paper
we will discuss the relativistic knot in the Abelian setting
(a non-relativistic Gross-Pitaevskii type theory gives an
identical result). Consider a charged doublet scalar field
φ coupled to real electromagnetic field,
L = −|Dµφ|2 + κ2φ†φ− λ
2
(φ†φ)2 − 1
4
F 2µν ,
Dµφ = (∂µ − igAµ)φ. (84)
The Lagrangian has the equation of motion
D2φ = λ(φ†φ− κ
2
λ
)φ,
∂µFµν = jν = ig
[
(Dνφ)
†φ− φ†(Dνφ)
]
. (85)
Now, with
φ =
1√
2
ρξ, ξ†ξ = 1, nˆ = ξ†~σξ, (86)
we can reduce (85) to
∂2ρ−
(1
4
(∂µnˆ)
2 + g2(Aµ + A˜µ)
2
)
ρ
=
λ
2
(ρ2 − ρ20)ρ,
nˆ× ∂2nˆ+ 2∂µρ
ρ
nˆ× ∂µnˆ+ 2
gρ2
∂µFµν∂ν nˆ = 0,
∂µFµν = jµ = g
2ρ2(Aµ + A˜µ),
A˜µ = − i
g
ξ†∂µξ, ρ0 =
2κ2
λ
. (87)
This is the equation for two-gap superconductor. Notice
that with Aµ = −A˜µ the first two equations reduce to
(80). This tells that the gauge theory of two-component
BEC and the above theory of two-gap superconductor
are closely related.
To obtain the desired knot we first construct a super-
conducting helical magnetic vortex. Let
ρ = ρ(%), ξ =
 cos f(%)2 exp(−inϕ)
sin
f(%)
2
exp(imkz)
 ,
Aµ =
1
g
(
nA1(%)∂µϕ+mkA2(%)∂µz
)
,
~n = ξ†~σξ =
 sin f(%) cos (nϕ+mkz)sin f(%) sin (nϕ+mkz)
cos f(%)
 ,
A˜µ = − n
2g
(
cos f(%) + 1
)
∂µϕ
−mk
2g
(
cos f(%)− 1)∂µz. (88)
With this we have
jµ = gρ
2
(
n
(
A1 − cos f + 1
2
)
∂µϕ
+mk
(
A2 − cos f − 1
2
)
∂µz
)
, (89)
and (87) becomes
ρ¨+
1
%
ρ˙−
[1
4
(
f˙2 +
(n2
%2
+m2k2
)
sin2 f
)
+
n2
%2
(
A1 − cos f + 1
2
)2
+m2k2
(
A2 − cos f − 1
2
)2]
ρ
=
λ
2
(ρ2 − ρ20)ρ,
f¨ +
(1
%
+ 2
ρ˙
ρ
)
f˙ − 2
(n2
%2
(
A1 − 1
2
)
+m2k2
(
A2 +
1
2
))
sin f = 0,
A¨1 − 1
%
A˙1 − g2ρ2
(
A1 − cos f + 1
2
)
= 0,
A¨2 +
1
%
A˙2 − g2ρ2
(
A2 − cos f − 1
2
)
= 0. (90)
Now, we impose the following boundary condition for the
non-Abelian vortices,
ρ(0) = 0, ρ(∞) = ρ0, f(0) = pi, f(∞) = 0,
A1(0) = −1, A1(∞) = 1. (91)
This need some explanation, because the boundary value
A1(0) is chosen to be −1, not 0. This is to assure the
smoothness of ρ(%) and f(%) at the origin. Only with
this boundary value they become analytic at the origin.
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FIG. 10: The non-Abelian vortex (dashed line) with m =
0, n = 1 and the helical vortex (solid line) with m = n = 1
in two-gap superconductor. Here we have put g = 1, λ = 2,
k = ρ0/10, and % is in the unit of 1/ρ0. Notice that A2 has a
logarithmic singularity at the origin.
One might object the boundary condition, because it
creates an apparent singularity in the gauge potential at
the origin. But this singularity is an unphysical (coor-
dinate) singularity which can easily be removed by the
gauge transformation
φ→ φ exp(inϕ), Aµ → Aµ + n
g
∂µϕ, (92)
which changes the boundary condition A1(0) = −1 and
A1(∞) = 1 to A1(0) = 0 and A1(∞) = 2. Mathemat-
ically this boundary condition has a deep origin, which
has to do with the fact that the Abelian U(1) runs from
0 to 2pi, but the S1 fiber of SU(2) runs from 0 to 4pi.
As for A2(%), we choose A2(∞) = 0 to make the su-
percurrent vanishing at infinity and require the vortex
superconducting. As we will see, this requires a logarith-
mic divergence for A2(0). The boundary condition will
have an important consequence in the following.
With the boundary condition we can integrate (90)
and obtain the non-Abelian vortex solution of the two-
gap superconductor. This is shown in Fig. 10. The solu-
tion is very similar to the one we have in two-component
BEC. When m = 0, the solution (with A2 = 0) describes
an untwisted non-Abelian vortex. But when m is not
zero, it describes a helical magnetic vortex periodic in
z-coordinate. Notice that at the core the vortex starts
from the second component, but at the infinity the first
component takes over completely. This is due to the
boundary condition f(0) = pi and f(∞) = 0, which as-
sures that our solution describes a genuine non-Abelian
vortex. This is true even when m = 0. Only when f = 0
(or f = pi) the doublet effectively becomes a singlet, and
(90) describes the Abelian Abrikosov vortex of one-gap
superconductor.
There are important differences between the non-
Abelian vortex and the Abrikosov vortex. First the non-
Abelian vortex has a non-Abelian magnetic flux quan-
tization. Indeed the quantized magnetic flux φˆz of the
non-Abelian vortex along the z-axis is given by
Hz =
n
g
A˙1
%
,
φˆz =
∫
Hzd
2x =
2pin
g
[
A1(∞)−A1(0)
]
=
4pin
g
. (93)
Notice that the unit of the non-Abelian flux is 4pi/g, not
2pi/g. This is a direct consequence of the boundary con-
dition (91).
This non-Abelian quantization of magnetic flux comes
from the non-Abelian topology pi2(S
2) of the doublet ξ,
or equivalently the triplet nˆ, whose topological quantum
number is given by
q =
g
4pi
∫
Hzd
2x = − 1
4pi
∫
ij∂iξ
†∂jξd2x
=
1
8pi
∫
ij nˆ · (∂inˆ× ∂j nˆ)d2x = n. (94)
This distinguishes our non-Abelian vortex from the
Abelian vortex whose topology is fixed by pi1(S
1).
Another important feature of the non-Abelian vortex
is that it carries a non-vanishing supercurrent along the
z-axis,
iz = mkg
∫
ρ2
(
A2 − cos f + 1
2
)
%d%dϕ
=
2pimk
g
∫ (
A¨2 +
1
%
A˙2
)
%d%
=
2pimk
g
(%A˙2)
∣∣∣%=∞
%=0
= −2pimk
g
(%A˙2)
∣∣∣
%=0
. (95)
This is due to the logarithmic divergence of A2 at the
origin.
Notice that the superconducting helical vortex has
only a heuristic value, because one needs an infinite en-
ergy to create it (since the magnetic flux around the vor-
tex becomes divergent because of the singularity of A2
at the origin). With the helical vortex, however, one can
make a vortex ring by smoothly bending and connect-
ing two periodic ends. In the vortex ring the infinite
magnetic flux of A2 can be made finite making the finite
supercurrent (95) of the vortex ring produce a finite flux,
and we can fix the flux to have the value 4pim/g by ad-
justing the current with k. With this the vortex ring now
becomes a topologically stable knot.
To see this notice that the doublet ξ, after forming a
knot, acquires a non-trivial topology pi3(S
2) which pro-
vides the knot number,
Q = − 1
4pi2
∫
ijkξ
†∂iξ(∂jξ†∂kξ)d3x
=
g2
32pi2
∫
ijkCi(∂jCk − ∂kCj)d3x = mn. (96)
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Again this is nothing but the Chern-Simon index of the
potential Cµ, which is mathematically identical to the he-
licity of the electromagnetic knot (2) we discussed before.
This tells that our knot is also made of two quantized
magnetic flux rings linked together whose knot number
is fixed by the linking number mn. Obviously two flux
rings linked together can not be separated by any contin-
uous deformation of the field configuration. This provides
the topological stability of the knot.
Again this topological stability is backed up by a dy-
namical stability. To see this notice that the supercurrent
of the knot has two components, the one around the knot
tube which confines the magnetic flux along the knot, but
more importantly the other along the knot which creates
a magnetic flux passing through the knot disk. This com-
ponent of supercurrent along the knot now generates a
net angular momentum which provides the centrifugal re-
pulsive force preventing the knot to collapse. This makes
the knot dynamically stable.
To compare our knot with the Abrikosov vortex ring
(made of the Abrikosov vortex in conventional supercon-
ductor), notice that the Abrikosov knot is empty (i.e.,
does not carry a net supercurrent). As importantly it is
unstable, and collapses immediately.
In contrast our knot has a helical supercurrent, and
is stable. Furthermore these two features are deeply re-
lated. The helical supercurrent plays a crucial role to
stablize the vortex ring by providing the net angular mo-
mentum, which prevents the collapse of the vortex ring.
And this helical supercurrent originates from the knot
topology. This remarkable interplay between topology
and dynamics is what provides the stability of the knot.
The nontrivial topology expresses itself in the form of the
helical supercurrent, which in turn provides the dynam-
ical stability of the knot. We emphasize that this super-
current is what distinguishes our knot from the Abrikosov
vortex ring, which has neither topological nor dynamical
stability.
IX. DISCUSSIONS
Topology and topological objects have been playing
increasingly important roles in physics, and certainly will
play more important roles in the future. In this pa-
per we have discussed the impact of topological objects,
in particular the knots, in physics. As we have seen,
the knots appear almost everywhere in physics, atomic
physics, condensed matter physics, nuclear physics, high
energy physics, even in gravitation.
The Skyrme theory provides an ideal platform for us
to study the topological objects in physics. Originally it
was proposed as a low energy effective theory of strong
interaction where the baryons appear as the topological
solitons made of pions, the Nambu-Goldstone field of the
chiral symmetry breaking. But the Skyrme theory has
many faces. As we have pointed out, the theory can
actually be viewed as a theory of monopole which has
the built-in Meissner effect. But from the topological
point of view the most important feature of the theory
is that it has almost all topological objects that we can
find in physics.
It has the string (the baby skyrmion) which has the
pi1(S
1) topology, the Wu-Yang monopole which has the
pi2(S
2) topology, the skyrmion which has the pi3(S
3)
topology, and the Faddeev-Niemi knot which has the
pi3(S
2) topology. As importantly, the monopole plays the
crucial role in all these objects. The string can be viewed
as the magnetic vortex made of monopole-antimonopole
pair infinitely separated apart, the skyrmion can be
viewed as the regularized monopole which has the finite
energy, and the knot can be viewed as the twisted mag-
netic vortex ring.
Moreover, we have shown that the skyrmions actu-
ally carry the monopole number. So they are classified
by two topological numbers, the baryon number and the
monopole number. Furthermore, we have shown that the
baryon number could be replaced by the radial (shell)
number, so that the skyrmions can be classified by two
integers (m,n), the monopole number m which describes
the pi2(S
2) topology of the nˆ field and the radial (shell)
number n which describes the pi1(S
1) topology of the ω
field. In this scheme the baryon number B is given by the
product of two integers B = mn. This comes from the
following observations. First, the SU(2) space S3 admits
the Hopf fibering S3 ' S2 × S1. Second, the Skyrme
theory has two variables, the angular variable ω which
represents the pi1(S
1) topology and the CP 1 variable nˆ
which represents the pi2(S
2) topology.
But the most important feature of the Skyrme theory
for our discussion is that it has the prototype knot which
can be interpreted as a twisted magnetic vortex ring in
which the knot number is given by the linking number
of two quantized magnetic fluxes. What is remarkable is
that this knot is made of real magnetic flux whose linking
number describes the knot topology. This teaches us how
to construct the knot, twisting the magnetic vortex to
make it periodic along the vortex and making it a vortex
ring connecting the two periodic ends together.
We can construct similar knots using this method in
condensed matters. In two-component BEC we can ob-
tain the vorticity knot twisting the vorticity vortex and
making it a twisted vorticity ring. Similarly in two-gap
superconductor we can have the magnetic vortex knot
twisting the magnetic vortex and making it a twisted
magnetic vortex ring.
But perhaps the most interesting knot in physics is
the electromagnetic knot in Maxwell’s theory which can
be viewed as electromagnetic geon. This knot has all
features of an elementary particle, and behaves like an
elementary particle with descrte mass and spin, in spite
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of the fact that it is a classical object. This is astonishing.
This tells that the Wheeler’s dream is not just a day
dream.
In this paper we have concentrated on knots, but be-
fore we close we like to emphasize the importance of
topology in general in physics. Kelvin first understood
the potential importance of topology [1]. Of course,
Kelvin’s dream that topology could make the elementary
particles (i.e., the atoms in his time) stable has not been
realized yet. As we know, so far we have no elementary
particle whose stability comes from topology. Neverthe-
less topology could play a fundamental role in physics as
Dirac has taught us [2]. In fact we could have a topolog-
ically stable elementary particle in the near future, the
electroweak monopole.
Ever since Dirac proposed his monopole, the
monopole has been the most important topological object
in physics. There are two outstanding monopoles, Dirac
monopole and ’tHooft-Polyakov monopole, but both have
problems. The Dirac monopole is the singular Abelian
monopole based on the pi1(S
1) topology, which exists only
when the U(1) bundle becomes non-trivial (i.e., when the
U(1) bundle admits no global section). So it becomes op-
tional (does not have to exist) in Maxwell’s theory. More
seriously, in the unification of electromagnetic and weak
interactions it changes to the electroweak monopole [10].
So, most probably the Dirac monopole may not exist in
nature.
This means that, if the standard model is correct,
the electroweak monopole must exist. If so, the discov-
ery of the electroweak monopole, not the Higgs particle,
should be the final and topological test of the standard
model. And MoEDAL at CERN is actively searching for
the monopole [60]. If discovered, it would be the first
topologically stable elementary particle in human his-
tory. Without doubt, this would be the most dramatic
evidence of the importance of topology in physics. The
knot could have a similar impact in physics in the future.
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